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Abstract: Thermodynamics of a large family of black holes from electrovacuum 
solutions of Einstein's equations is studied. This family includes rotating and non- 
accelerating black holes with NUT charge, and rotating and accelerating black holes. 
The surface gravity, Hawking temperature and the area laws for these black holes are 
presented. The first law of thermodynamics is also given. An interesting outcome 
of our analysis is the restriction obtained on the magnitude of acceleration for these 
black holes. 
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1. The Plebanski-Demianski family of black holes 



Plebanski and Demianski |TJ presented a large class of solutions of Einstein's equa- 
tions with a possibly non-zero cosmological constant A, which includes, apart from 
other interesting solutions, the famous Kerr-Newman rotating black hole and hence 
the Kerr, the Reissner-Nordstrom, and the Schwarzschild black holes. This family 
includes, in particular, solutions for accelerating black holes also. The general form of 
the metric thus contains seven free parameters which characterize the mass m, elec- 
tric and magnetic charges e and g respectively, Kerr-like rotation parameter a which 
is equal to angular momentum per unit mass i.e. a = J/m, the NUT (Newman-Unti- 
Tamburino) parameter I, acceleration of the source a and the cosmological constant 
A. We write the general Plebanski-Demianski metric in the notation used in Refs. 

a a as 

ds 2 = JL{-SL[dt - (asm 2 9 + 41 sin 2 ^)d0] 2 + ^-dr 2 + ^d9 2 



where 



+ 4 sin 2 9\adt - (r 2 + (a + /) 2 )d0] 2 }, (1.1) 
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a 4 = -a — lu k + e + g ) - —a , 
tu z 3 

e = 4Ki + 4aLm ~ (« 2 + U 2 )[-M k + e ' + 9 2 ) + £], (1-2) 
a z — l z u oj z 3 

n = 4% ~ ™ + (a 2 - l 2 )l[^(u 2 k + e 2 + g 2 ) + h (1.3) 

a A — l z to co z 3 

k = [1 + 2a-m - 3« 2 4(e 2 + g 2 ) - / 2 A](-^- + 3a 2 / 2 )- 1 . (1.4) 
u ur a z — r 

Here e and are arbitrary real parameters, n is the Plebanski-Demianski pa- 
rameter and to is the twist. If A = or A > then for the non-accelerating case the 
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metric will represent a single black hole, and for the accelerating case the metric will 
represent a pair of causally separated black holes which are accelerating away from 
each other in opposite directions. If A < then the metric will represent a single 
black hole for small acceleration and a pair of black holes if the acceleration is large. 

When a = = l = g = A the line element reduces to the Kerr-Newman solution. 
Further, we get the Schwarzschild metric if the electric charge and rotation parameter 
vanish i.e. e = = a. Therefore, the line element (|1.1|) is a very convenient metric 
representation of the complete class of accelerating, rotating and charged black holes. 
The metric is singularity free if \a\ < \l\ , and it has a Kerr-like ring singularity at 
p = when \a\ > \l\. 

The rotating and accelerating black holes give rise to two types of horizons: the 
rotation horizons (analogous to the Kerr-Newman horizons) and two acceleration 
horizons. In this paper we study the thermodynamical properties of rotating black 
holes with NUT parameter and, rotating and accelerating black holes. The form of 
ergospheres for these black holes is given. We provide relations for their Hawking 
temperature and entropy. The first law of black hole thermodynamics is also dis- 
cussed in the context of these spaces. As a result of our analysis we find an interesting 
relation which restricts the amount of acceleration these black holes can have. 



2. Thermodynamics of the non-accelerating black holes 

It can be seen from Eq. (|1 . 1| ) that, when a = = A, we have u 2 k = a 2 — I 2 and 
hence e = 1, n = I, P — 1, and we get || 



ds 2 = %[dt- (a sin 2 9 + 41 sin 2 -)d0] 2 - ^dr 2 - p 2 d9 2 

sin 2 6 



, [adt-(r 2 + (l + a) 2 )d<J)} 2 , (2.1) 
P 

where 

p 2 = r 2 + (I + a cos 9) 2 , Q = (a 2 - I 2 + e 2 + g 2 ) - 2mr + r 2 , (2.2) 

which is the Kerr-Newman-NUT solution. We note that Q = gives the expression 
for locations of inner and outer horizons of the black hole as |J 

r± = m ± a/ m 2 + I 2 — a 2 — e 2 — g 2 , (2.3) 

where m 2 > a 2 + e 2 + g 2 — I 2 . 
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Here we discuss the formation of ergospheres in these black holes. We know that 
ergosphere are characterized by [f| 

9tt = 0. (2.4) 

So from Eqs. Q and (PD 

r 2 - 2mr - I 2 + e 2 + g 2 + a 2 cos 2 5 = 0. (2.5) 

Its solution is 

r n {9) = m + a/ m 2 + I 2 — e 2 — g 2 — a 2 cos 2 9, (2-6) 

which gives the ergosphere for the black hole. Now we see its relation with the outer 
horizon ( |2.3| ). For this we consider 

0<cos 2 #<l, (2.7) 

which allows us to write 



2 i 72 2 2 2^ 2,/2 2 2 2 2 /) ^ 2 , r2 2 2 /o o\ 

m +/ — e — # — a < m +/ — e — g —a cos 9 < m + i — e — <? , (2.8) 

m + a/ m 2 + Z 2 — e 2 — g 2 — a 2 
< m + a/ m 2 + I 2 — e 2 — g 2 — a 2 cos 2 5 

< m + v 7 ^ 2 + / 2 - e 2 - ^ 2 , (2.9) 

or 

r+ < r n (6) <m + ^m 2 + I 2 - e 2 - ^ 2 , (2.10) 

r+ < r n (0) < r a , (2.11) 

where r a is the outer horizon of the corresponding Reissner-Nordstrom black hole with 
magnetic and NUT charges g and I respectively. The above relation has a beautiful 
information to interpret. Since the ergosphere is dependent on 8, so it will coincide 
with the outer horizon at 9 = and stretches out for other values of 9. However, 
it cannot stretch beyond the outer horizon of the corresponding Reissner-Nordstrom 
black hole. At 9 = ir/2, however, they coincide. 

In order to discuss thermodynamics of these black holes with the NUT parameter, 
we observe that for a metric of the form 

ds 2 = -F(r, 9)dt 2 + — - dr 2 + r 2 {d9 2 + sin 2 9d<p 2 ), (2.12) 
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the surface gravity, k is given by 







K 



-hdx° 



-hh 



ab 



Or 
dx b 



(2.13) 



where h a t> is the second order diagonal metric made from t — r sector of the metric 
and h = det h a f,. Putting the values of h 11 and \J— h from metric ([2.1 ) we get 



K 



df{r,9) 



dr 



(2.14) 



Q 



where 



a 2 sin 2 9 

Q ' 



Thus Eq. (|2.14p takes the form 



2rQ a 2 sin 2 9(r — m) 
2(r - m) ^ + 



P 



(Q — a 2 sin 2 i 



At horizon Q = 0, r — > r + and using Eq. ( |2.3| ) at 9 = 0, this becomes 

(r + — m) (r + — m) 
K/l = ? = [r 2 +(/ + a) 2 ]' 

a/ m 2 + / 2 — a 2 — e 2 — ,g 2 



or 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



2m 2 + 2/ 2 + 2a/ - e 2 - g 2 + 2m v /ro 2 + I 2 -a 2 -e 2 -g 2 ' 
It is important to note that if we put the NUT parameter I = and the magnetic 
charge g = 0, then Eq. ( |2.18| ) reduces to the surface gravity for the Kerr-Newman 
black hole. Further if e = = a then the relation for the Schwarzschild black hole 
is obtained. 

The relation fl2.18| ) can also be written in terms of the inner and outer horizons 
by noting that 

(r + — m) — (r_ — m) = 2(r + — m). 
Thus Eq. ( |2.17| ) becomes 

r + — r_ 
Kh= 2[r 2 +(l + a) 2 Y 
We can also find the surface gravity by using the angular velocity 



(2.19) 
(2.20) 



dt 



(2.21) 
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So we have 



n, 



or 



r 2 + + {l + af 
a 



(2.22) 



(2.23) 



2m 2 + 2/ 2 + 2al - e 2 - g 2 + 2m^m 2 + l 2 -a 2 -e 2 -g 2 
This is the angular velocity for the non-accelerating black hole. The formula for 
surface gravity in terms of angular velocity is M 



2a dr 



(2.24) 



Using Eq. (ggg ) and dQ/dr = 2(r H 



m 



we get the same result as Eq. ([2.181) . 



As we know that the temperature of a black hole is given by 

T = — 



Putting the value of K h from Eq. ( [2.18 



2tt 
we get 



T = — 
2tt 



a/tti 2 + I 2 — a 2 — e 2 



2m 2 + 2l 2 + 2al - e 2 - g 2 + 2m^m 2 + I 2 



(2.25) 



(2.26) 



which is the temperature for the non-accelerating black holes. The temperature for 
the Kerr-Newman black hole can directly be deduced by putting I = = g. Let us 
see the behavior of the temperature with the mass graphically. 

We see from Figures 1 and 2 that if I 2 > a 2 + e 2 + g 2 then the temperature 
decreases with the increasing mass but will never be zero. If I 2 < a 2 + e 2 + g 2 , 
the temperature will first increase when m > \J 'a? + e 2 + g 2 — I 2 to the value of m 
where dT/dm = and then it will decrease with the increasing mass. In this case 
temperature shows the same behavior as that of the Kerr-Newman black hole. We 
further note that for a fixed value of the NUT parameter, the maximum value of 
the temperature is inversely proportional to the collective magnitude of the rotation 
parameter and the electric and magnetic charges. 

The horizon of a rotating black hole is defined as H 



A 



Aira 



Substituting from Eq. (|2.23|) , this becomes 



A = 47T 



2(m 2 + I 2 + al + m^m 2 + I 2 - a? - e 2 - g 2 ) 



2 2 

-e -g 



(2.27) 



(2.28) 
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Figure 1: Temperature versus mass for the Kerr-Newman-NUT black hole when I 
5, a = e = g = 2. 




Figure 2: Temperature versus mass for the Kerr-Newman-NUT black hole when I 
9, a = e = g = 10. 

The entropy of a black hole [|] 



S-A 
b ~ 4' 



(2.29) 



takes the form 
S = n 



2(m 2 + I 2 + al + m^/m 2 + I 2 - a 2 - e 2 - g 2 ) - e 2 - g 2 



(2.30) 



From Figure 3 we see that entropy is an increasing function of mass in accordance 
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CO 




Figure 3: Entropy versus mass for the Kerr-Newman-NUT black hole when I = 2, a 
e = g = 3. 



with the second law of black hole thermodynamics. The standard formula for the 
entropy of the Kerr-Newman black hole can be recovered from this. 

Now, the first law of thermodynamics in the form of the law of conservation of 
mass is given by J|, || 

dm = —dA + n h dJ + $ h de, (2.31) 

87T 

where is the electrostatic potential of the black hole f|] 

4-7rer+ 



A 



(2.32) 



Putting the value of r + from Eq. ( |2.3| ) and of horizon area from Eq. ( |2.28| ), it 

becomes 



e[m + \J m 2 + rj\ 



(2.33) 



2(m 2 + I 2 + al + m^Jm 2 + rj) — e 2 — g 2 

where 7] = I 2 — a 2 — e 2 — g 2 . 

Substituting the values of Kh from Eq. ( [2.18|) , Qh from Eq. ( p.23|) and $h from 
above in Eq. ( |2.31| ), we get 



dm 



— dA + adJ + e(m + \J m 2 + r])de 



(2.34) 



where /i = 2m 2 + 2l 2 + 2al — e 2 — g 2 + 2m^Jm 2 + rj . 

This is the first law of thermodynamics for the non-accelerating black holes. 
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3. Thermodynamics of accelerating and rotating black holes 

As mentioned earlier the Plebahski-Demiahski metric includes the rotating and ac- 
celerating charged black holes. Now we consider another form of the metric which is 
free of NUT-like behavior i.e. we take 1 = 0. If we put 1 = 0, k = 1, in Eq. (|1 . 1| ) 
then u> = a, a 3 = 2am, = —a 2 (a 2 + e 2 + g 2 ) — ^a 2 and substituting for e and n, 
the line element Ql.lQ with A / will take the form || 



ds 2 



where 



W { -7 [dt - asiv? 



p 



2 2 

+ ^ sin 2 9 [adt - (r 2 + a 2 ) d<j)\ 2 + L dr 2 + d9 2 } , (3.1 



Q 



P 



ar cos 9, p 2 



a 2 cos 2 9, 

, Aa 2 ., 



P = 1 - 2am cos 9 + {a 2 (a 2 + e 2 + g 2 ) H } cos 2 6>, 

3 

Q = {( a 2 + e 2 + # 2 ) - 2mr + r 2 }(l - a 2 r 2 ) - -(r 2 + a 2 )r 2 . 

3 



(3.2) 
(3.3) 

(3.4) 



The above metric contains six arbitrary parameters m, e, g, a, a and A which 
can be varied independently. We will not consider the cosmological constant in our 
discussion so we will put this equal to zero. 

Here p 2 = indicates the presence of a Kerr-like ring singularity at r = and 
9 = ir / 2. In this case Q = gives the expression for the locations of inner and outer 
horizons, which are identical to those of the non-accelerating Kerr-Newman black 
hole 

r± = m ± a/ m 2 — a 2 — e 2 — g 2 , (3.5) 

where a 2 + e 2 + g 2 < m 2 . However, in addition to these, there are acceleration 
horizons also at r = 1/a and r = 1/ a cos 9, which come from putting Q = and 
Cl = respectively, and are coincident with each other at 9 = 0. 

We first find the surface gravity of the accelerating and rotating black holes using 
Eq. (fTL3|). For A = 0, from Eq. Q) we have 



Q = (r 2 - 2mr + a 2 + e 2 + g 2 ){l - a 2 r 2 ). 
Thus Eq. (|2.13|) becomes 



n 2 
p 2 



2dr X Q -Pa 2 sin 2 9 



} ~ -2rQ 
P 



(3.6) 



(3.7) 
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At horizon, Q = 0, therefore, Eq. ( ft.7| ) becomes 



2p 2 



(3. 



As Q 7^ at r = r + we get 

n 2 



2p 5 



2[(r - m)(l - atV) - cTr( r - 2mr + a 2 + e 2 + # 2 )] 



(3.9) 



Since at outer horizon r 2 — 2mr + a 2 + e 2 + g 2 = 0, therefore, putting the value of p 2 



and Q from Eq. (|3.2|) at 9 = 0, we get 



fe^a— +) 3 ( 



ri + a 



1 + ar+). 



(3.10) 



Using Eq. (|3.5| ) this takes the form 

[1 — a(m + ^m 2 — a 2 — e 2 — g 2 )] 3 [l + a(m + \J m 2 — a 2 — e 2 — g 2 )} 
(^/m 2 — a 2 — e 2 — 5f 2 ) _1 [2m 2 — e 2 — g 2 + 2m^J m 2 — a 2 — e 2 — g 2 ] 



(3.11) 



which is the surface gravity for the accelerating and rotating black holes at the outer 
horizon. Note that from Eq. ( |jj.lOj ) the surface gravity will vanish at the acceleration 
horizon, r = 1/ai (and also for the other acceleration horizon at 9 = 0). In the above 
equation if a = 0, it reduces to the relation of surface gravity for the non-accelerating 
case (Eq. (|2.18| )) at I = 0. Further if g = the surface gravity for the Kerr-Newman 
black hole is obtained. 

The relation (|3.11| ) can also be written in terms of the inner and outer horizons. 
For this we use the relation r + — r_ = (r+ — m) — (r_ — m) = 2(r + — m) in Eq. ( ft. ICQ 
to get 



r _ r _ 



[l - ar + y(l + ar A 



2(r 2 + a 2 ) 

Now, in this case the angular velocity from Eq. (|2.21 ) becomes 

a[Q - P(r 2 + a 2 )} 



n 



Qa 2 sin 2 9 - P(r 2 + a 



2\2 



(3.12) 



(3.13) 



At horizon, Q = 0, thus the angular velocity for the accelerating and rotating black 
holes can be written as 



2m 2 — e 2 — g 2 + 2m\J m 2 



a 2 — e 2 — g 2 



(3.14) 
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Since angular velocity is calculated at the outer horizon which is not dependent on 
acceleration, therefore, this is the same as that of the non-accelerating case. Using 
this and Eq. Q2.24 ) we get the same formula for the surface gravity as given in Eq. 
Q3.ll ), and by T = fth/27r we get the temperature for the accelerating and rotating 
black holes. We see that the factor [1 — aim + \Jm? — a 2 — e 2 — g 2 )} can make the 
temperature negative for large values of a, so we have to allow only small magnitudes 
of acceleration. Note that the temperature vanishes at 

+ V~r 



aim 



a 2 — e 2 



(3.15) 



Gi- 



ft 



m + \Jm 2 — a 2 — e 2 — g 2 



and in terms of mass we have 



1 + a 2 (a 2 + e 2 + g 2 ^ 
2a" 



m 



(3.16) 



(3.17) 



Thus to avoid the cases of extremal black holes and the violation of the third law of 
black hole thermodynamics, we need to restrict the values of a. We find that the 
permitted range is 



a < 



1 



m + a/ m? — a 2 — e 2 — g 2 



(3.18) 




Figure 4: Temperature versus mass for the accelerating and rotating black hole when 
a = 0.01, a = e = g = 5. 

From Figure 4 we see that, for small values of a, the temperature of these black 
holes shows the same behavior as that of the non-accelerating black holes. When the 
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temperature becomes less than zero the black hole obviously ceases to exist. One can 
see that smaller is the acceleration greater is the maximum value of the temperature. 
Similarly, lesser the electric and magnetic charges and the rotation parameter greater 
is this maximum value. 

In order to write the first law of thermodynamics, we note that the horizon area 
of the black hole using angular velocity from Eq. (|3.14|) is given by 

A = 4vr[2m 2 - e 2 - g 2 + 2m v / m 2 - a 2 - e 2 - g 2 }. (3.19) 

Using the values of r + and A from Eqs. Q3.5|) and ( |3.19|) the electrostatic potential 
from Eq. (|2.32|) can be written as 



elm + \J m? — ri\ 

<$>h = (3.20) 

[2m 2 — e 2 — g 2 + 2my m 2 — rj\ 

where fj = a 2 + e 2 + g 2 . 

Now putting the values of K h , Q h and §h from Eqs. Q3.11D , ( |3.14| ) and ( |3.20| ) in 
( |2.31| ), we get the first law for the accelerating and rotating black holes as 

1 A/m 2 — f] [1 — aim + \Jm 2 — ^)] 3 [1 + aim + a/ m 2 — f\)\ 

dim = — dJ\ 

jl [ 8tt 

+adJ + e(m + a/ m 2 — f])de] , (3-21) 



where /i = 2m — e — g + 2mw m 2 — 7] 



4. Conclusion 

We have seen that the ergosphere for the Kerr-Newman-NUT black hole touches its 
outer horizon and stretches out upto a limit which corresponds to the horizon of the 
Reissner-Nordstrom black hole. The temperature for the Kerr-Newman-NUT black 
hole behaves like that of the Kerr-Newman black hole if the NUT parameter has less 
magnitude than that of the sum of the electric and magnetic charges along with the 
rotation parameter and shows a monotonically decreasing behavior when the NUT 
parameter has a magnitude more than the other three mentioned parameters. The 
maximum value of temperature is inversely proportional to the collective magnitude 
of the rotation parameter and the electric and magnetic charges. 

For the accelerating and rotating case, we find that the large values of acceler- 
ation do not represent black holes. Only small values of acceleration are physically 
acceptable. 
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The entropy for both the accelerating and rotating, and the Kerr-Newman- 
NUT black holes justify the second law of thermodynamics. All the results and 
the thermodynamical quantities reduce to those of the Kerr-Newman black holes 
when I — = g — a. Further, they reduce to the Schwarzschild black holes in 
appropriate limits. It is worth mentioning here that the surface gravity and hence 
the temperature for accelerating and rotating black holes vanish on the acceleration 
horizon and violate the third law of black hole thermodynamics. 
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